Abstract. We introduce Floer homology for transversely intersecting Lagrangian immersions L and L in a symplectic manifold (X, ω). By using this homology, if π 2 (X, L) = 0 and L is the image of L under a Hamiltonian isotopy, then the number of the intersection points of L and L is bounded below by the sum of the Z 2 -betti numbers of L (or rather, the manifold whose immersion is L) and a non-negative extra term coming from the self-intersections of L.
Introduction
Let X be a symplectic manifold of dimension 2n and ω its symplectic form. We call a map α :L → X a Lagrangian immersion if and only if α is an immersion of an n-dimensional manifoldL into X and the pull-back α * ω vanishes. 
where N is the number of the self-intersection points of α(L).
The main purpose of this paper is to define Floer homology for Lagrangian immersions. Because we use immersions instead of embeddings, we have to introduce the appropriate path space as the domain of the symplectic action functional, and take care about the removal of boundary singularity with boundary on Lagrangian immersions [8] . However, with the path space, almost all analytical results carry over as in the case of Lagrangian submanifolds. Theorem 1.1 follows from calculation of the homology for α(L) and (ϕ 1 • α)(L).
Analytical preliminaries
Let α 0 :L 0 → X and α 1 :L 1 → X be Lagrangian immersions whose selfintersection points are transverse and double. Suppose that the intersection points of α 0 (L 0 ) and α 1 (L 1 ) are also transverse and double.
We denote by
and 
are totally geodesic with respect to g (0,1) , g (0,−1) and g (0,s) respectively, and similarly
are totally geodesic with respect to g (1, 1) , g (1,−1) and g (1,s) respectively. Next, we take a smooth function s 0 : 1] such that the restriction on R × {0} and R × {1} is equal to s 0 •ũ 0 and s 1 •ũ 1 respectively and s u (τ, t) = 0 for large |τ |.
We will use the exponential maps exp
: T u(τ,t) X → X with respect to the metrics g (t,s u (τ,t)) to construct the coordinate charts.
If E is a smooth vector bundle over X and (u,
In particular, we are interested in the following Banach space for (u,ũ 0 ,
Then we obtain a similar theorem as in [4] :
, and the exponential maps
:
give smooth coordinate charts.
Given a family J t , t ∈ [0, 1], of compatible almost complex structures with ω, we can consider the following elliptic partial differential equation , t) for a ∈ R, and we denote the quotient byM J t p k (x − ,x + ). Because the boundary of (u,ũ 0 ,ũ 1 ) ∈ W p k (x − ,x + ) locally lies on Lagrangian submanifolds, we can use the elliptic regularity theorem not only for the interior points but also for the boundary points:
Hence we delete the subscripts p and k from M J t p k (x − ,x + ). Moreover we can show the transversality as in [4] , [12] and [15] by substituting our path space for the usual one:
Theorem 2.3. The operator ∂ J t defines a smooth section of the smooth Banach space bundle
, and so that
There is an open and dense set J reg in J , the set of smooth families J t , such that, if
We can see the compactness of our moduli spaces. If we have a bubbling sequence, then we rescale the sequence and obtain a finite energy pseudo-
, where H is the upper half plane. The removal of singularities at interior points and smooth boundary points works [3] and [11] , and also at self-intersection points by the removal of boundary singularity with boundary on Lagrangian immersions Theorem 1.4 in [8] . Moreover, the convergence to broken trajectories is standard [3] . Hence we obtain the following compactness theorem:
Then, for every finite number c > 0, the subset ofM J t (x − ,x + ) which consists of the elements satisfying
can be compactified (with respect to the topology of uniform
convergence with all derivatives on compact set).
Floer homology for Lagrangian immersions
Let us denote by P (α 0 , α 1 ) the space of (δ, δ 0 , δ 1 ), where δ : [0, 1] → X and δ i ∈L i such that δ(i) = α i (δ i ) for i = 0, 1. As in [2] , we define admissible components of the path space. A component P of P (α 0 , α 1 ) is called admissible if it satisfies the following two conditions P 1 and P 2 :
1 , the relative Maslov class µ(u| S 1 ×{0} , u| S 1 ×{1} ), see the definition in [2] , vanishes. The condition P 1 implies the well-definedness of the symplectic action functional, and we need P 2 to define the grading of Floer homology. There is an important case when admissible components exist:
(L)). Then the components which contain constant paths in
Then the components as in (i) satisfy P 2 .
Note that every intersection point determines a constant path and these constant paths may lie in different path components for different intersection points. We will define Floer homology of the triple α 0 , α 1 and P .
Denote by I(α 0 , α 1 , P ) the subset of I(α 0 , α 1 ) which consists of those intersection points which belong to P . From P 2 , there exists a map µ : I(α 0 , α 1 , P ) → Z as usual such that the index of E (u,ũ,ũ ) is µ(x − ) − µ(x + ). For J t ∈ J reg , by the compactness theorem, we can count the number of the elements ofM J t (x − ,x + ) modulo 2 when µ(x − ) − µ(x + ) = 1. We define the chain complex by
with ∂ : CF k → CF k−1 in terms of the canonical bases
From the surjectivity in Theorem 2.3 the gluing as in [3] carry over to our situation, and then from the compactness we obtain the following proposition:
Proposition 3.2. Suppose the same assumptions as in Theorem 2.5. If
We call the homology of (CF * , ∂) Floer homology for Lagrangian immersions and denote it by HF (α 0 , α 1 , P ; J t ). Although the definition of HF (α 0 , α 1 , P ; J t ) depends on J t , HF (α 0 , α 1 , P ; J t ) and HF (α 0 , α 1 , P ; J t ) are isomorphic when J t and J t ∈ J reg , and moreover there exists an isomorphism HF * (α 0 , α 1 
, where ϕ * P denotes the component of the path [2] . From these, we can drop J t from the notation of Floer homology and HF * (α 0 , α 1 , P ) is invariant under Hamiltonian isotopy of α 1 (L 1 ).
Note that, for different admissible components P 1 and P 2 , we can not canonically determine the difference between the gradings of the Floer homologies. Nonetheless we can define HF * (α 0 , α 1 , P 1 P 2 ) which is isomorphic to HF * (α 0 , α 1 , P 1 ) ⊕ HF * (α 0 , α 1 , P 2 ) up to the difference between the gradings of the two components.
Calculation of Floer homology
Let α :L → X be a Lagrangian immersion as in Theorem 1.1. The components of P (α 0 , α 1 ) which contain constant paths in α(L) ∩ (ϕ 1 • α)(L) are admissible. Hence we denote by P the union of the admissible components. Since the Floer homology HF * (α, ϕ 1 • α, P) is independent of Hamiltonian isotopies, we will calculate it for convenient Hamiltonian functions.
Each point p ofL has a neighborhood U p such that α(U p ) is a submanifold of X. We take a tubular neighborhood of α(U p ) with a small radius and take a diffeomorphism f p from U p × B to the tubular neighborhood, where B is an n-dimensional ball. If x ∈ U p × B and y ∈ U q × B satisfy f p (x) = f q (y), then we introduce an equivalence relation x ∼ y to define a manifold VL := p∈L (U p × B)/ ∼, and identifyL withL × {0} ⊂ VL. Moreover we also define a map f : VL → X which locally coincides with the diffeomorphisms f p . Then the manifold VL with f * ω is symplectically isomorphic to a neighborhood of the zero section (L) 0 of the cotangent bundle T * L with the canonical symplectic structure.
For Lagrangian submanifolds, the following proposition was implicitly used by Floer [1] , and the proof for immersions is completely similar to that for embeddings [1] and [14] :
where G 1 and G 2 are constants depending only on g. 
where u satisfies the above conditions. Because the self-intersection points of α are transverse, this quantity w(α) is greater than zero. First we choose δ such that δ < min{w(α), κ} and the δ-neighborhood U δ of α(L) contained in f (VL), and moreover we choose a Hamiltonian function H such that the C 1 -norm is smaller than c δ and, in B ε (p j ), the Hamiltonian isotopy associated with H looks like a parallel translation
Note that the number of the intersection points of L and ϕ 1 (L) in B ε (p j ) is two. Then there are two kinds of intersection points of L and ϕ 1 (L), i.e., the intersection points look like and the boundary operator ∂ splits as well as the above splitting of CF * such that ∂ is trivial on the first component, i.e., ∂ = 0 ⊕ ∂ 2 . Note that the admissible component for the intersections of the other type may or may not contain intersection points of the type L p j h ∩ P p j (L p j k ), and that we omit the grading since we do not use it here.
Let {φ t } 0≤t≤1 be a Hamiltonian isotopy on T * L associated with a Hamilton- , and then, from the boundary condition of the path spaces, the moduli spaces M J t (x, y), where x and y are of the other type, coincide with the usual moduli spaces of pseudo-holomorphic strips for x, y ∈ (L) 0 ∩φ 1 ((L) 0 ). Then, we find that the chain complex the others Z 2 x, ∂ 2 is nothing but Floer's chain complex for (L) 0 andφ 1 ((L) 0 ) whose homology group is isomorphic to the singular homology H * (L, Z 2 ) ofL, see [3] and [5] . Then Floer homology groups HF * (α, ϕ 1 •α, P) is isomorphic to 2N Z 2 ⊕H * (L, Z 2 ). We finish proving Theorem 1.1.
